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Abstract. Two methods for the evaluation of expectation
values with approximate two-component relativistic
functions are analysed. The first of them is based on
the change of picture for the operator whose expectation
value is to be calculated and associated with approxi-
mations leading to the given two-component relativistic
wave function. This method, though hardly used in
numerical calculations, gives the expectation values that
directly reflect the accuracy of the wave function used
for their calculation. The second method, most com-
monly used in calculations, neglects the picture change
and is shown always to introduce an error of the order of
o, where o is the fine structure constant. This error is
present independently of the accuracy of the approxi-
mate two-component wave function. The perturbation
formalism developed in this paper is illustrated by
calculations of relativistic corrections to the expectation
values of ~! for arbitrary states of hydrogenic ions.

Key words: Relativistic quantum chemistry —
Expectation values — Direct perturbation theory —
Two-component relativistic Hamiltonians — Regular
relativistic Hamiltonians

1 Introduction

It is commonly accepted that the true relativistic theory
of many-electron systems should be derived from
quantum electrodynamics (QED) [1] and based on the
four-spinor representation of the electron-positron field
operators. The lowest-order approximations to QED
lead to commonly used Dirac-Coulomb (DC) and Dirac-
Breit (DB) many-electron Hamiltonians [2, 3, 4] whose
efficient implementations in atomic and molecular codes
are already available [5, 6, 7, 8]. However, the prospect
of routine four-component calculations for sizable
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molecules appears to be rather remote. This prompts a
search for simplified relativistic methods of high credi-
bility.

The main computational problems of the four-com-
ponent relativistic methods in molecular calculations
arise owing to the demand for the accurate enough
representation [§8, 9] of what is usually referred to as the
small component of the Dirac four-spinor [10]. The
truncated basis set expansion techniques may then lead
to prohibitively large sizes even for relatively small sys-
tems. A solution to this problem can be achieved by
passing from the four-component formalism to the two-
component approximation, which is, as a matter of fact,
a hidden way of handling the small component of four-
spinors followed usually by some additional approxi-
mations.

The earliest attempt at relativity in terms of two-
spinors was that of Pauli [11] and gives what is known as
the Schrodinger-Pauli Hamiltonian, which is plagued by
a number of unpleasant analytic features [10, 12, 13, 14].
A way to avoid or to circumvent the appearance of es-
sentially singular operators, which arise in the case of the
straightforward elimination of the small component [12,
13], has been proposed by Douglas and Kroll [15] and
given a firm QED background in a series of papers by
Sucher et al. [3, 4, 16]. This method was adapted for use
in quantum chemistry of many-electron systems in the
pioneering papers of the late Professor Almlof et al. [17,
18, 19] and by Hess et al. [20, 21, 22] and made into a
highly attractive and accurate computational tool by
Hess and his co-workers [23]. Its success is mainly due to
partial infinite summation of the relativistic perturbation
series in o (¢ = 1/c is the fine structure constant and ¢
is the velocity of light, ¢ ~ 137.036 a.u.), which gives
operators free of essential singularities. This is achieved
through the initial unitary transform of the Dirac
Hamiltonian [3, 4, 15, 19, 20, 24] by using the free-par-
ticle (fp) Foldy-Wouthuysen (FW) transformation [25].

Another possibility of using approximate regular
relativistic Hamiltonians goes back to Durand et al. [26,
27] and Heully et al. [28] and has been more recently
made into a successful computational tool by Snijders
et al. [29, 30, 31]. When considered in their initial four-



component form [32], the so-called regular approxima-
tion (RA) Hamiltonians [29, 30, 31] can be shown to
follow from some FW transform of the Dirac Hamil-
tonian [33].

The spirit of the two-component theory prevails also
in the case of the so-called direct perturbation theory
(DPT) developed by Rutkowski [34] and by Kutzelnigg
and his co-workers [12, 35, 36]. Owing to the use of the
Sewell metric [37] the DPT approach permits the exact
series expansions in powers of o> for operators, eigen-
energies, and eigenfunctions. Thus, the DPT results can
be used as a reference for qualifying other approximate
methods of relativistic quantum chemistry.

The problem to be discussed in this paper relates to
the calculation of the expectation value of operators
other than the Hamiltonian. Obviously, performing any
unitary transformation U on the Dirac Hamiltonian
Hj of a particle moving in some potential V' [10, 24]:

. 5 N V cop
Hy=cap g+ (== 0 )

where I stands for a 4 x 4 unit matrix, will not affect the
energy eigenvalues of the Dirac equation:

H()"P() = GO\P(), (2>

where the energy eigenvalue ¢ is shifted by —c? with
respect to the usual relativistic eigenenergy. In all
equations presented in this paper we assume that atomic
units are used.

The solution of the unitarily transformed eigenvalue
problem:

HYW = eV, (3)
where
HY = U'H,U, (4)

will give transformed solutions:
vy =Uhy,. (5)

Suppose now that the relativistic system described by the
Hamiltonian (1) is affected by some external perturba-
tion. For the sake of simplicity we assume that the
perturbation operator, H', is fully diagonal and spin-
independent, i.e.,

H' =g xI, (6)

where ¢ is some one-electron operator, which may
depend on the particle’s coordinates and momenta.
Thus, the perturbed Dirac Hamiltonian reads:

_ 1 (V+ug cop
o =yt = (VM e L))

and the parameter u is used to order the perturbation
series. The expectation value of the perturbation oper-
ator (60) in the state ¥ follows then from the Hellmann-
Feynman [38] theorem:

ol #' [ = = () ®)
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where e(u) is the p-dependent eigenvalue of the per-
turbed problem:

H()¥ (1) = e(W)¥(w). 9)

This is the result obtained prior to any transformations
and/or approximations to the Dirac Hamiltonian. The
equivalent result for €' calculated with transformed four-
component spinors (5) will be:

e = (¥ |UH'U | )
= (UYy | H' | U¥), (10)

i.e. the unitary transformation of the Hamiltonian will
induce what is known as the change of ‘picture’ [25],
which amounts to replacing H' by its unitary transform
U'H'U while using the transformed wave function P
The second line of this expression says that if #' is used
in its original non-transformed form, the wave function
‘I’(L)/ must be back transformed to the original represen-
tation. This means that the expectation value defined as:

&=y || ) (1)

has no obvious relation to either (8) or (10). Although
Eq. (10) is a trivial consequence of the matrix calculus, in
quite a few cases the expectation values obtained from
approximate relativistic schemes are calculated accord-
ing to Eq. (11). Since the results obtained from Eq. (11)
appear to be quite reasonable [23, 39], the error
introduced by simultaneously using two different repre-
sentations needs to be thoroughly investigated.

The relation between (8), (10) and (11) has recently
been studied numerically by Kell6 et al. [39]. Similar
considerations were carried out much earlier by Bae-
rends et al. [40] who investigated the relativistic atomic
orbital contractions (expansions) and the proper way of
defining them in terms of the expectation value of the
coordinate operator in different pictures. One should
also refer to numerous discussions with Professors
Faegri Jr., Gropen, Hess, and Nieuwpoort during the
Workshop held in Tromsg in 1992 [41]. The paper in its
final shape benefitted from recent discussions with Pro-
fessor Baerends and from comments by the unknown
referee. The present study attempts to give the analysis
of errors introduced by replacing either of Egs. (8), (10)
by Eq. (11). It will be shown that for the two-component
approximate relativistic methods currently in use the
error that follows from adopting Eq. (11) as a basis for
the calculation of expectation values, is of the order of
o?. This will be done by first deriving the exact DPT
relativistic corrections to non-relativistic expectation
values of the operator g. Then, several other methods
will be analysed by comparing their results with the
exact DPT corrections.

2 Relativistic DPT corrections to expectation values

The so-called DPT of relativistic effects offers a general
framework for the consideration of relativistic correc-
tions to expectation values. It has been shown by
Rutkowski [34] and Kutzelnigg [12] that by changing the
metric from the usual one [10]:
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(Po | Wo) = (Wo | o) + (1o | 20) = 1, (12)

where ¥, and y, denote the ‘large’ and ‘small’ compo-
nents of Wy [10], respectively, to that of Sewell [37]:

(Wo | Po) = (Yo | o) + (T | 70) = 1, (13)
i.e. by the transformation:

o= ()= w0 (5)=( () o9

the Dirac equation can be written in a fully equivalent
form:

ﬁo?g = €0S¢0. (15)

The new operators entering the transformed Eq. (15) are
defined by:

Ho=H" + H% (16)
S =84 o257, (17)
where

wo_ [V oap 0_ (0 0
HY = <6p ) HY = 0 v (18)
and

oo (1 0 20_ (0 0
s~ (o o) = (5 V). (19)

and make this equation manifestly expandable in the o?
relativistic perturbation series, i.e.

0=+ o2 4ot ., (20)
—00 —20 —40

vo=V 4o +aty ..., (21)

2o =70+ 270 + o0+ (22)

. =00
The 0%-order solution, yy = Y®, for the large compo-
nent of W, is the solution of the non-relativistic 2 x 2
Schrédinger equation:

hOOwOO — 600¢00’ (23)
where

1
W = 3 P+ (24)

By applying the same procedure to the perturbed Dirac’s
Eq. (9) one obtains the following counterpart of Eq. (15):

H(u)¥ (1) = e(u)SP (1), (25)
where
H(p) = H” + uH" + o?H? + o* uH?! (26)
and

on_(q O 2 (00
G N R R

while Egs. (20-22) are replaced by the corresponding
double perturbation expansions involving solely even
terms in o

e=e(?, 1) = € + ue® + o2 + oPpe!
+otet .. (28)
T =T ) = 0 4l + T+ o
P 29)
=20 1) =7 1"+ o7+ ot 4ty
4 (30)

By virtue of Eq. (28) the expectation value defined by (8)
becomes:

el =€) =+ Pl 4L (31)

where the leading term is the non-relativistic expectation
value of the operator ¢,

=@ g 19"y = W™ g |y (32)

The exact «*-order relativistic correction €*' to the non-
relativistic result (32) can be derived by using a double
perturbation version of DPT [35] and reads:

= 22e(@” | 10| 9™y + G | B ), (33)

where the 2 x 2 matrix operators 4% and 4! are defined
by:

1

WO = ZGP(V — eoo)o'p7 (34)
and

|
n = Zap(h(” —eap, (35)
Wl =gq. (36)

The first-order perturbed function JOI =y, ie. cor-
rection to the large component arising from the external
perturbation H°'(g) follows from the usual perturbation
expansion for the solution of the g-perturbed Schro-
dinger equation:

(A% 4+ 19" () = (WP (). (37)

where Jo(,u) = °(n) since Eq. (37) is of the zeroth-order
in o>. With the expansion:

—0 —00 —01

v =yv'wW=y +wp .. =y
(38)

one obtains the first-order solution of the form:

P =R"(q — (39)

where R% is the reduced resolvent operator for the
unperturbed Schrodinger equation:

[ SR I )

00 _ 400 — 00 _ 00

R = (40)
The DPT expansion of the perturbed Dirac equation
shows that the four-component problem can be, at least
formally, reduced to the perturbation solution of the
2 x 2 pu-dependent equation of the form:



h(o?, ) (o, 1) = €(o, WP (o, ), (41)
by means of the double perturbation expansion. The

corresponding expansions of e(o?, u) and (o, u) are
given by Egs. (28) and (29), respectively, and

h(o?, 1) = B + puh® + o2h® 4 P + . (42)

The higher-order terms of (42) can be derived by
manipulating the initial perturbed Dirac equation ac-
cording to the DPT scheme. One should point out that
this is essentially a hidden way of handling the small
component of the Dirac wave function. The problem of
the appearance of essentially singular operators can be
handled in a way devised by Kutzelnigg [42].

For the purpose of the present study the major
advantage of the two-component Eqs (41, 42) and the
resulting perturbed energy formulae of the form (33) is
that they permit direct comparison of these exact results
with those that follow from a variety of approximate
two-component Hamiltonians. All of these two-compo-
nent Hamiltonians can be expressed as given by Eq. (42)
although the form of various perturbation terms in the
corresponding % (o, 1) operators will be in general
different for different methods. Moreover, the DPT
expansion leads to the presence of #*! (and of the cor-
responding operators of the higher order in o?) directly
in 4(o?, p). This results from including the perturbation
operator in the Dirac Hamiltonian prior to any attempt
to separate the large and small components. In other
words, the expectation value of ¢ which follows from the
perturbation expansion of Eq. (41) reflects the change of
‘picture’ as expressed by Eq. (10). The same applies in
the case of approximate two-component Hamiltonians;
the presence of the counterpart of the 42!, h*!, ... oper-
ators will depend on whether the change of picture is
taken into account or not.

3 Expectation values in approximate two-component
theories

3.1 Approximate two-component Hamiltonians
and external perturbations

A two-component method M, derived from the Dirac
theory under some additional assumptions, can be
defined in terms of a two-component Hamiltonian /,,,
which is assumed to be analytic in o?, at least through
the order of interest. In the absence of the external
perturbation (u = 0) such a Hamiltonian, Ay, («?,0), can
be written in terms of the expansion:

har(o2,0) = A% 4+ o?h20 + .. (43)

where the leading term is assumed to be the non-
relativistic Schrédinger Hamiltonian and 432? is a coun-
terpart of 4% for the given approximate method M. In
the presence of the external perturbation, which is
included prior to any approximations leading from the
Dirac Hamiltonian to (43), the same route will bring
about the (o, p)-dependent two-component Hamiltonian
of the method M:
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har (o2, 1) = B + ph®™ + oy + o phyy 4 -+ (44)

By applying the double perturbation theory expansion
to the eigenfunctions and eigenenergies of (44) one
obtains the following counterpart of Eq. (31):

ey =e (0= 4 ofeal - (45)
where €°! is the non-relativistic result and

el =22 | K39 |y + (| B2} | ). (46)

As already mentioned the presence of /3] in (44) reflects
the fact that the change of picture has been taken into
account. However, given some approximate two-com-
ponent method derived from the Dirac theory, one may
consider discarding its two-component origin and
add the external perturbation directly to (43). This is
equivalent to neglecting the change of picture and
treating the expectation value problem in the same way
as in non-relativistic theories. The resulting y-dependent
Hamiltonian, Ay (o2, 1) will then be:

hag (0%, 1) = W% + ph®' + P10 .. (47)

and will not contain any operators that would mix the
external and relativistic perturbations, i.e. which would
lead to operators of the 4! type. Nevertheless, the
double perturbation expansion of the eigenvalue prob-
lem arising from the Hamiltonian (47) leads to:

&, = () = 128l 4 (48)

with non-vanishing first-order relativistic correction &,

given by:
e =22 | Iy | y™). (49)

It is of some interest to note that the result (49) can
be alternatively defined in terms of p-dependent non-
relativistic solutions (37):

&= (a%w%u) Y| lﬁo(ﬂ»)uo — 29y | 29 | ).
(50)

This expresses the usual way of the calculation of
relativistic corrections to non-relativistic expectation
values by means of the numerical evaluation of the
corresponding derivative [43, 44]. Let us stress that this
result follows directly from the perturbation treatment
of the Hamiltonian (47) obtained by adding a posteriori
the external perturbation term to the unperturbed two-
component Hamiltonian (43).

In what follows we shall consider two particular cases
of the theory developed so far and derive expressions for
deviations of €} and é! from the exact value of ¢!
obtained in Sect. 2 by using the DPT approach. The first
case is the calculation of relativistic corrections to ex-
pectation values in the so-called Pauli approximation
(M = P) [10, 45]. Tt is of importance that several ap-
proximate two-component Hamiltonians have this ap-
proximation as the leading term of their o?>-expansion [3,
4, 20, 24]. Hence, all conclusions obtained for the Pauli
approximation will be in general valid for a variety of
other approximate Hamiltonians. The second case refers
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to a series of two-component Hamiltonians of RA [31,
32] to the treatment of the Coulomb singularities. The
lowest, 0”-order, regular approximation (M =ZORA)
[29, 30] does not, however, contain all terms of the o’
order, i.e. the o?-expansion of the ZORA Hamiltonian
does not contain all terms of the Pauli operator. Thus,
even the change of picture will not recover all terms of
the DPT first-order relativistic correction (46) to the
expectation value of 4!,

3.2 The Pauli approximation

The use of the Pauli approximation is one of the
traditional ways [43, 44, 45, 46] of adding the first-order
relativistic correction to expectation values of different
operators. Let us first discuss the case when the picture
change is taken into account. If one considers the
external perturbation H' to the Dirac Hamiltonian prior
to any approximation for the treatment of relativistic
effects, the result becomes equivalent to that of DPT.
Since within the present assumptions concerning H' the
perturbation is just a modification of the external
potential,

V= V(W) =V + g, (1)

one can derive the operators which enter Eq. (44) from
the two-component p-dependent Pauli Hamiltonian
(M =P):

|
he(o2, p) = 5p7 + V' + k() = K + ph™ + o (),

(52)
where
W) = gopV'ep — bt — (V' + VD) (53)
Upon substituting ¥, one obtains:
hp(u) = hy’ + phy (54)
where
WY = zopVop —pt — L 0V + 177) (55)

is the usual Pauli operator for the system without
additional perturbations, and

hp = %quop — % (P’q+4qp*). (56)
As long as the non-relativistic reference state y*° and the
non-relativistic first-order perturbed wave function !
are the corresponding exact solutions [47], the 3!
correction, i.e. the first-order relativistic correction to
the expectation value of the operator ¢ calculated in the
Pauli approximation:

e =22 | [ 9°) + (O | 3 [9), (57)

is fully equivalent to the DPT result of Eq. (33). The
corresponding proof is given in Appendix A. As
indicated there, this proof strongly relies on the assump-
tion that the exact non-relativistic solutions y* and y"!
are available.

The equivalence between ¢2' and €*! is a natural
consequence of the change of ‘picture’ as expressed by
Eq. (10) and accounted for by using 7’ in place of V in
Eq. (53). Had we not taken the picture change into ac-
count, the corresponding equivalent of the two-compo-

nent Hamiltonian (47) would have the form:
hp(o®, 1) = 1 + wh® + o hy), (58)

and would lead to the following first-order relativistic
correction to the expectation value of ¢:

& =22eW™ | by |y™). (59)

According to the formulae derived in Appendix A with
the assumption of the exactness of both y* and y"',
Eq. (59) differs from the DPT correction €' of Eq. (33):

o1 1
el-al = Z<‘/’OO | opgop — 5 (Pa +ar”) | lﬁ°°>, (60)

i.e. the difference will occur already in terms of the order
of o> and will in general vanish only if p commutes with
q. The non-zero value of the difference (60) is a
consequence of not changing the ‘picture’ for the
operator gq.

The present considerations of the Pauli approxima-
tion have a more general character. It is rather common
that the calculation of expectation values for different
operators in approximate two- or one-component rela-
tivistic methods is based on the formalism borrowed
from non-relativistic theories. Once the wave function,
say @y, = @)/(o), obtained by some approximate two-
or one-component relativistic method M, is known, the
expectation value of the given (non-relativistic) operator
O is usually computed as (®y | Q| @y). The formal
expansion of @y (c) into a power series in o leads to
expressions for relativistic corrections to the non-rela-
tivistic expectation value of O, (®° | Q | @°), where ®° is
the non-relativistic solution. It follows from derivations
presented in this section that the expectation value
(Dpr | Q| Doy) will always differ from the exact DPT
result already in terms of the order of o>. The o?-order
error in (59) can only be removed by the change
of ‘picture’, i.e. by replacing Q by its appropriate
transformed counterpart.

3.3 The regular Hamiltonian approximations

The lowest (zeroth-) order Hamiltonian of the regular
approximation (ZORA) [29, 30, 31] in the absence of the
perturbation #°' can be derived by considering the
‘metric perturbation’ expansion [32] of the Dirac equa-
tion and reads:

1
hzora = hzora(L=10) =V + 50'1’@0'1’7 (61)
where
B = B(o4%) S S R (62)
1—302V 2 '



The change of picture can be achieved simply by adding
the perturbation (6) to the Dirac Hamiltonian prior to
approximations that result in the ZORA Hamiltonian
[33], or equivalently, by using the substitution given by
Eq. (51). Then,

1 1
hzora (k) = V4 300 1y 0P

= hOO + ,uhOl + azhzoRA + o ,uhZORA + 5

(63)
where
1
h7ora = 79PV 0P (64)
and
21 1
hz0rA = 4 oP4°P- (65)

The p-dependent ZORA Hamiltonian acquires the
mixed terms of the «?u order and leads to the following
form of the lowest order relativistic correction:

6ZORA = 2%e(y 0 \ hZORA | ¢01> + (¥ 0 | hZORA | ¢00>7
(66)

which can be converted into
21 00 | 720 | ;01
€z0ra = 22e(Y | K7 [ Y7)

43 apgop | §) (67)

In spite of the change of picture for the perturbation
operator A°!, this result differs from the exact DPT value
of the correction, i.e.

1
3Oy | 7Y

&' = Glora = — 3 MRy | 7 |97

1
=2 1Y), (68)
since neither hjh,, nor hil, are equivalent to the
corresponding operators appearing in the DPT expan-
sion. Moreover, let us also note that neither 423, nor
hZora are equal to the operators k2’ and A2, respec-
tively, obtained in the Pauli approximation [see Egs. (55)
and (56)]. This follows from the fact that the ZORA
Hamiltonian does not contain all terms necessary for its
reduction to the Pauli approximation [29, 30, 33]. This
deficiency of the ZORA Hamiltonian is remedied by
passing to the so-called first-order regular approxima-
tion (FORA) [29, 30, 33].

Once the one-electron ZORA eigenvalue problem in
the absence of the external perturbation:

hzorRAYZzoRA = €ZORAVZORA > (69)

is solved with the normalization condition
(Wrora | Yzora) =1, one may try to evaluate the
expectation value of #°! in the usual (non-relativistic)
way, ignoring the fact that the two-component ZORA
Hamiltonian follows from approximate treatment of the
four-component equation. Then,
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"' ¥zora), (70)

and, at least formally, can be expanded in a power series
L.
in o”:

~1
€zora = (Vzora | 7

-1 01 221
€70RA = €Z0RA T % €Z0RA T (71)

01

where by definition f&om = ¢’ is the non-relativistic

expectation value of #°' and

g%l()RA = 2$€< ZORA | ! | l//ZORA> (72)

with Yyopra = ¥ being the non-relativistic solution and
Yoora obtained from the perturbation treatment of the
a-expanded ZORA Hamiltonian (61) [33]:

hzora = h" + o hjppa + - (73)

According to the derivations presented in Sect. 3.1, the
double perturbation treatment of the Hamiltonian

hzora (n) = hzora + wh® = 1% 4 " + 0‘2h20RA +.
(74)

which follows from the assumption that no picture
change is involved, leads to the following equivalent of
Eq. (72):

g%IORA =2Re(Y 00 | hZORA | ‘//01>7 (75)

where y°! is given by Eq. (39). It is important to note
that, similarly to the Pauli-type Hamiltonian (58), the
ZORA operator (74) will not involve terms which would
mix the relativistic and 4°' perturbations. By usin the
method described in Appendix A, ,one finds that &opa
will differ from the exact value €*! obtained from the
DPT expansion:

21 ~21

1
€ T E€ZORA T T 5600%60//00 |P2 \ lﬁm)

Map | ™). (76)

This difference arises from two different sources. One of
them is that no change of picture is taken into account
while defining the Hamiltonian (74). The second source
follows from the incompleteness of the ZORA Hamil-
tonian in terms of the order of o?.

The FORA Hamiltonian (see e.g. [33]) when ex-
panded in the o series contains all terms of the Pauli
operator (55). Thus, all discussion of the Pauli approx-
imation applies to the FORA Hamiltonian with the
following consequences:

1,00
+1<¢ | op(q —

Gora =P Grora = (77)
where the first equivalence corresponds to the ‘change of
picture’, i.e. to the use of Eq. (51). The FORA correction
ekora becomes therefore equal to the exact DPT result;
differences between DPT and the FORA approximation
will occur only in terms of the fourth- and higher-orders
in o. The second equivalence in Eq. (77) arises when the
perturbation ph®' is directly added to the FORA
Hamiltonian. This is also the result that one obtains
by expanding the expectation value of 4°' in the FORA
state Yroras
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61FORA = (Yrora | ! | VEORA) (78)

into the o? series:

g%:IORA = 2J?e<‘//F0RA ! | lpFORA> (79)

where the wave function symbols are analogous to those
used when discussing the ZORA approximation [see
Eq. (72)] and the two-component FORA wave function
is assumed to be normalized as (Yrora | Yrora) = 1-
The dpprOledthH expressed by Eq. (79) suffers from
the use of 4% in the initial ‘picture’ and carries exactly
the same error as the one present in &'. Thus, one can
conclude that the FORA expectation value of 40! (78)
Wzll] always be in error already in terms of the order of
o

The FORA Hamiltonian certainly represents im-
provement over the ZORA approximation, for at least it
contains all terms through the order of . However, its
form is definitely more cumbersome than that of the
ZORA Hamiltonian. A hint at how to improve upon
ZORA results without excessive effort follows from the
consideration of the initial four-spinor, Wepp_4 [32],
whose large component is the ZORA wave function and
the small component, yzora» iS given by:!

1
XZORA = iaﬂapwzoma (80)
and thus [32],
Yeppg = (1 VzorA ) (81)
§0<=93JO'PWZORA

On considering (81) as an approximation to Dirac’s
four-spinor ¥y of Eq. (14), one can approximate the
expectation value (8) by

| ~ (Wemp-a | H' | Wepp-a)

€
D=4 (Wepp_a | Wepp-a)
_ (Wzora | 1" | Yz0rA) + (tzora | 1" | 2z0RA)
(Wzora | Vzora) + (1 )
(82)

Upon expanding (82) into power series with respect to
o2, one obtains the first relativistic correction to €%':

6CPD 4 =2%e(y 0 | ! | 'waORA>

33
+ <lpoo |Zap(hm _ 601)0_1) | 1//00> (83)

and

1
21 _ 21 00,
€ —€mpoa =~ 5€ Re(°

“1p7 ). (84)
The calculation of the expectation value by using Eq. (82)
corresponds to renormalization of the ZORA solution
and can be referred to as the scaled ZORA (s-ZORA)
approach [30, 31, 49]. The same technique used for the

! The four-component ZORA function is referred to by the Chang,
Pélissier, and Durand approximation (CPD), which follows from
treating the o® (7o | %) term in Eq. (13) as a separate ‘perturbation’
(32]

total Dirac’s Hamiltonian leads to the scaled expression
for energy which gives the exact Dirac’s energy for
hydrogenic systems [49].

Yet another approximation related to (82) can be
contemplated. From the definition of the expecta-
tion value €lpp 4, we learn that the true four-spinor
will involve normalization factor of the form
((¥zora | ¥zora) + (Xzora | XzorA)) Thus, one
can argue that the ZORA expectation value of A°! as
given by Eq. (70) should be replaced by:

~1 <lpZORA | ! ‘ lpZORA>

€_ = .
ZORA ™ (Wyora | Wz0rA) + (XzORA | ZZORA)

(85)

It is worthwhile pointing out that this definition of
& ora corresponds simply to the evaluation of the
expectation value with renormalized ZORA density [49].
On expanding € ,,z, into a power series in o’ one
finds:

N 1
e — eleORA =- Efoo%ew/oo |P2 | ¢01>

i
+—<1//00 | apgap | ¥*),

which differs from the corresponding results for €2l 4 of
Eq. (67) and €y, , of Eq. (84). Since the scaled ZORA
expectation values as defined by Eq. (85) are essentially
available as a by-product of standard ZORA calcula-
tions, any improvement over the result of the approx-
imation (75) is worth investigating.

(86)

3.4 The Douglas-Kroll and related approximations

Over the past decade a great deal of attention has been
given to what is called the Douglas-Kroll approximation
[15], which has developed into one of the most powerful
computational techniques of relativistic quantum chem-
istry [17, 20, 22]. The method has been analysed by
Sucher et al. [3, 4, 16]. If the DK Hamiltonian is
expanded into the o series then the leading relativistic
term corresponds to the Pauli approximation (55), which
was analysed in Sect. 3.2 and Appendix A. Hence, the
same conclusions as those reached for the Pauli approx-
imation apply to the DK method.

It follows from our earlier considerations that once
the DK expectation value of #°! is defined as the average
of this operator,

eDK = (Ypk | ! | VoK), (87)

in DK state ,,, which satisfies the p-independent DK
eigenvalue equation [3, 4, 15, 20], the error involved in
this approximation occurs already in terms of the order
of «®> and is the same as that for the corresponding
scheme within the Pauli approximation [see Eq. (60)].
This reflects again the fact that no ‘picture’ change has
taken place while defining the expectation value by
Eq. (87). The present concluswn concerning the error
involved in calculations of EDK from Eq. (87) is at
variance with the earlier analysis of the problem [39].
The inaccuracies involved in using the definition (87)
can be removed by including the perturbation operator



1°' in the external potential V. This leads to a rather
complicated form of the perturbation operator [39] in
the new picture. Its use, however, guarantees that the
relativistic corrections to €' will correspond to the same
level of accuracy as that for the DK wave function.
Obviously, the magnitude of the error resulting from the
use of (87) will depend on the operator A°! and on
nuclear charges of atoms in the given system. For A°!,
operators, which assume large values far from nuclei,
this error appears to be relatively small for atoms as
heavy as gold (Z = 79) [39].

Recently a family of two-component relativistic op-
erators /Ay, which are accurate through the «?* order in
the fine structure constant, has been derived [24]. None
of them involve essentially singular operators and their
a** expansion gives the Pauli approximation as the
leading relativistic term. Thus, if ,, is an eigenstate of
hoi, the expectation value, defined in analogy to (87), will
carry an error of the order of o> in comparison with the
exact DPT result. A remedy is provided by the replace-
ment of ¥ by ¥’ in the given Ay, Hamiltonian, i.e. by the
change of picture for the perturbation operator. This
follows exactly the route described in Sect. 3.2 for the
Pauli approximation. In comparison with the analogous
procedure applied to the DK Hamiltonian [39], the Ay
operators in the presence of the external perturbation
require only a redefinition of the 4°! operator, which is
replaced by relatively simple commutators [24].

4 A case study: the expectation value of the r~! operator

for hydrogenic ions

The conclusion that follows from the general treatment
presented in Sects 2 and 3 is that all results obtained just
by taking the average of the given operator over some
approximate two- or one-component wave relativistic
wave function will introduce certain error already in
terms of the order of o?. In some cases this can be
avoided by transforming the operator in question into a
new picture provided the method of approximation for
relativistic effects is by itself accurate through terms of
the order of o in the wave function.

The use of the standard definition of expectation
values without any reference to the changed picture is
the easiest, most convenient, and fairly common way of
performing their calculations. It is therefore worthwhile
studying this problem in detail for an operator whose
expectation value may be expected to be strongly
affected by differences between methods used for its
calculation. The »~! operator satisfies this requirement
because of the weak singularity whose presence makes,
at least for deep core states, considerable difference be-
tween relativistic and non-relativistic expectation values.
For present illustrative purposes, we consider a hydro-
genic system with the nucleus of charge Z perturbed by a
small term of the form w~!'. Atomic units are used
throughout this paper.

A general solution for the two-component non-rela-
tivistic problem with spin is well known to be (see e.g.

[50]):
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VO =0y = NutFut () j15).m, (2, 0), (88)

where %5 . (Q,0) is the spm and angular part
dependmg on spherical angles Q = (0,¢) and spin .
The radial part F,(x), x = (2Z/n)r, is:

Fu(x) =x'e™ LMY (x), (89)

with L2! (x) denoting the Laguerre polynomials [50,
51] and the normalization factor N,; given by:

323/2 (n—1-1)!

B AT 0

The non- -relativistic elgenenergy correspondmg to the
state Yy ) Ly 18 €0 = €05 =€) 22/2112 The first-
order perturbed wave functlon lpo' = 1% 1s)m, for the

! perturbation of the x//nj Is)m; State reads:

1
01 ! x/2
l//’j(ls)v L = Z e /

_E_[+l
2 2

J?/j(ls),m, (Qa O-)

W) 0 4 L0

)

and the non-relativistic expectation value of »~! is
known [50] to be:

Z

601 = €nj(ls) = 621 = ; (92)
The exact first-order relativistic correction 63/1‘(13')
obtained from the DPT approach is:

51 373 731

€ . = — —— _—

nj(ls) s 1_’_%

JG+D) =11+ 1)—s(s+1)
2—90;0— 1-9
{ 1,0 10+1) ( 10)
(93)

and depends on the quantum numbers / and s of the
reference state and the coupling between the angular
momenta 1 and s, leading to the total angular momen-
tum j with the associated quantum number j = | /1 |
[50]. This DPT result can be easily derived from the total
relativistic energy expression for a hydrogenic system
with the nuclear charge Z — p [50]. In the case of the
1 =0,ie.j=s=1/2states, the DPT correction reduces
to:

VA
oy = 5.3 (41— 3). (94)
Once the ‘picture’ change for the operator »~! is taken
into account, the Pauli [see Eq. (54)], FORA (see

Sect. 3.3), DK, and all other apgroximations (see Sect.
3.4), whose leading term in the o~ expansion is the Pauli
operator, will give a result equal to ¢! of the DPT
method, provided the exact solutions for y* and y°' of
the state under consideration are used. It should be
pointed out that this statement automatically applies to
all Ay, k=1,2,..., Hamiltonians [24] discussed in
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Section 3.4. Differences between the above-mentioned
methods and their disagreement with the results of DPT
will occur, depending on the method, in contributions of
appropriately higher-order in o?.

For methods whose o? expansion does not bring about
the complete Pauli approximation in spite of the picture
change, e.g. in the case of the ZORA scheme, the first-
order relativistic correction turns out to be different from
that given by Eq. (93). According to Eq. (68) the !
correction to the expectation value of the 7~ operator in
the ZORA method differs from the DPT result by:

3
21 21 Z

€njls) — €nj(ls),ZORA — — 4

(95)
and the difference is independent of the angular
quantum numbers. Similarly, calculating the expectation
value of »~! directly from the four-component ZORA/
CPD (CPD-4) wave function leads to the following error

in 2! [see Eq. (84)]:

3
21 21 Z

€aj(ls) — Cnj(ls),cPD—4 = — 4nt’

(96)
It should be stressed that this result, which follows from
the evaluation of the expectation value of H' of Eq. (6)
according to Eq. (8) is compatible with the change of
picture. The non-zero value of (96) indicates only that
the CPD-4 wave function is an approximation to the
true solution of the Dirac equation and carries some
inaccuracies already in the order of o?.

Of particular interest is the error involved in calcu-
lations of expectation values according to Eq. (11), i.e.
without changing picture for 4" in spite of using two-
component functions derived by approximate block-di-
agonalization (unitary transformation) of the initial
Dirac Hamiltonian (12). The first-order relativistic cor-
rections €' to "' derived in this paper lead to:

1731
21 21 .
€nj(ls) — Enj(is).p = Zn_3[—+%
JG+D) =11+ 1)—s(s+1)
010 1-9 97
{’” I(1+1) (I=4610) ¢, (97)
21 21 3723 12° 1
€nj(ls) — €nj(ls),ZORA = _ZF Zﬁ@
JG+10) =11+ 1) —s(s+ 1)
2= 010 = 1-5
{ Y i+ (1= 310) .
(98)
and
21 21 B 173 1723 1
€aj(ls) ~ €nj(ls)s—ZORA — _EF ZF@
JG+1) =1+ 1) —s(s+ 1)
2= 010 = 1-5
{ v 10+1) (1= d10) ¢
(99)

for the Pauli [see Eq. (60)], ZORA [see Eq. (76)], and
scaled ZORA [see Eq. (86)] approximations, respective-
ly. One should mention that the error introduced by
using the expectation value definition with reference to

1% in the old picture [see Eq. (11)] within the context of
the Pauli approximation will be exactly the same for all
methods whose approximate relativistic Hamiltonians
give the Pauli approximation as the leading term of the
o expansion. Thus, Eq. (97) applies also to the results
calculated with wave functions resulting from the use of
the FORA, DK, and A, Hamiltonians. The error in the
relativistic correction to ! will therefore occur already
in terms of the order of o® independently of how
accurate the given approximation for a two-component
wave function is.

It is also worthwhile noting that the use of the €*!
definitions, which comply with the change of picture,
reflects directly the accuracy of approximate relativistic
wave functions. For approximate wave functions studied
in this paper, which involve inaccuracies in the order of
o> (ZORA and CPD-4 functions), the o’>-order error in
2! turns out to be independent of the angular part of the
wave function and proportional to n~*. When the ex-
pectation values are calculated by referring to the defi-
nition (11), the o?-order error is found to depend, for
methods considered in this paper, also on the angular
part of the wave function and will affect the values of the
spin-orbit contribution to the expectation value of »~!.
The leading contribution to this error will be propor-
tional to =3, and hence, in general larger than that for
methods compatible with the change of picture for A°!.

In the case of the [ = 0 states the error formulae (97)—
(99) simplify to:

173

21 ~21 o

Eal(0h) T Cnboh).p T 537 (100)
173

21 21

€nl(0d)  €nk(03).ZORA T 3,4 (2n - 3), (101)
173

21 ~

6”%(0%) a 6"%(()%),S—ZORAZ‘ = En_4 (n — 1). (102)

These formulae show that for large enough values of #,
the error in the first-order relativistic correction to !
resulting from the use of either of the three approxima-
tions is approximately equal to Z*/2n? and makes about
25% of the exact DPT value of €' [see Eq. (94)]. This is
to be compared with the large n behaviour of errors
involved in Eijl'(ls),ZORA and eijl‘(ls),CPD% given by Egs. (95)
and (96), respectively. For large n the relative value of
these errors taken with respect to the DPT result (94)
diminishes as n~!'. This is compatible with the fact that
the relativistic contributions to the wave function
diminish with the increase of the principal quantum
number, thereby reducing the error introduced by the
approximate way of passing from the four- to two-
component representation.

The present illustration reflects some features of €! as
calculated in different approximations for weakly-sin-
gular operator ~!. The inaccuracies, which follow from
either the use of Hamiltonians that do not produce the
Pauli operator in their o> expansions or from the neglect
of the change of picture for the operator of interest, will
be even more important in the case of 4°! with stronger
singularities. However, their importance for non-singu-
lar #°! operators, which assume large values far from the



nucleus, will be diminished. This may explain the success
of using Eq. (11) in approximate relativistic calculations
of valence-determined properties like dipole or quadru-
pole moments [39]. The o’-order error becomes than
small enough that it can hardly be seen within the
accuracy limits of the calculated expectation values.

5 Summary and conclusions

The first-order relativistic correction to the expectation
value of some one-electron operator H' (h°') has been
derived for a variety of methods used in approximate
two- or one-component relativistic calculations. Though
quite obvious from the point of view of the route of
derivation of these methods, the change of picture for H'
(#°) is usually neglected and its expectation values are
evaluated according to Eq. (11). It has been shown that
in such cases the error in the calculated relativistic
contribution to €' occurs already in terms of the order of
o independently of the accuracy of the approximate
two- or one-component relativistic wave function. The
importance of this error for different two-component
relativistic methods is illustrated by calculations for a
hydrogenic system perturbed by 1.

The present analysis shows that the neglect of the
picture change for operators in the evaluation of their
expectation values may lead to considerable errors in €'
as compared to the exact values given by DPT. The
magnitude of these errors depends obviously on the
form of %' and the state under consideration. For deep
core shells and (non-essentially) singular operators, the
change of picture in the evaluation of their expectation
values appears to be necessary. For non-singular oper-
ators and valence states the neglect of the change of
picture will bring less significant errors in the calculated
expectation values. Moreover, one has to take into ac-
count that most of the approximate two-component
relativistic operators (ZORA, FORA, DK, #y;) consid-
ered in this paper are based on a partial summation of
the infinite operator series in «®. Once the expectation
value of #°! is obtained from Eq. (11) or equivalent ex-
pressions, the effect of higher-order terms is there and
may lead to some numerical compensation of errors.
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Appendix A

Equivalence between the Pauli and DPT relativistic
corrections to expectation values

As a matter of fact the equivalence between €*!' as given
by the DPT expansion [see Eq. (33) of Sect. 2] and the
result of the Pauli approximation (57) is the consequence
of Eq. (10). However, it is useful and instructive to
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obtain this result algebraically, since some parts of the
proof are used in the context of the analysis of other
methods.

Let us note that the Pauli operator (55) can be re-
written in the form:

1 1
hy = qopVop — 2 (1°p* +p*h”)

4
1 1
_ ZGPVGP _ g[hoopz ~ (0 00 4 00,2),

(103)

If both * and "' are the exacr solutions of the zeroth-
and first-order Schrédinger equations, respectively, i.e. if

hOOwOO = 60011100, (104)

and Y% is given by Eq. (39) with the reduced resolvent
operator defined by Eq. (40), then

(€ =) [ 1) = (1= [¥*) ™ D [ ™), (105)
and
22 | 1| Y™) = 222y | 120 | ')
1
+3 W | Pa+ap’ |v7)
1
W Lapap | ).
(106)
By substituting this result into Eq. (57) one finds:
6[231 — 2%e<w00 | h20 | l//01> + <lﬁ00 ‘ h21 | lp00> — 621,
(107)

where 7%° and A?! are defined by Eqs. (34) and (36),
respectively. Q.E.D.

This proof heavily relies on the assumption that both
* and y°! are the exact non-relativistic solutions. Once
this assumption becomes violated, as is often the case,
the DPT result will differ from that of the Pauli ap-
proximation (57). It has already been pointed out by
Kutzelnigg et al. [35, 42, 48] that the explicit use of the
DPT formula (33) offers certain advantages and reduces

the error carried out by the Pauli result €3! for non-exact
solutions of the Schrédinger equation. The accuracy of
these two approaches has been recently analysed by one
of the present authors [47].
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